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1. INTRODUCTION 
Let sZ= (0,2Z7) x (0, n)c iR2 and H= (L*(Q))“, n> 1. H is a real 
Hilbert space for the inner product 
(u, ~)=j;~j-on(~(t,~),v(t,x))dxdt. (1.1) 
Here and in the sequel ( , ) denotes the euclidean inner product in R,“. The 
norms induced by ( , ) and ( , ) are denoted by 11 11 and 1 1, respectively. 
Let f: R” + R” be a continuous mapping, c an n x n symmetric, not 
necessarily invertible matrix, and h E H. We consider the system of coupled 
telegraph-wave equations 
u,, - u,, + cu, -f(u) = h, (1.2) 
where subscripts denote partial derivatives. 
In this paper we study the existence of generalized solutions to the 
periodic-Dirichlet problem for (1.2) (GPDS for (1.2), for short). By a 
GPDS for (1.2) we understand an element u E H, such that 
<up vu--0,x) - (~3 cv,) - U-(u), v>= (h, v>, (1.3) 
Vu E C*(8, IlY) satisfying 
v( t, 0) = v( t, H) = 0, Vt E [O, 2n1, (1.4) 
v(0, x) = v(217, x), o,(O, x) = u,(217, x), vx E [O, H]. (1.5) 
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Let L denote the abstract realization of the linear wave operator in H 
and o(L) its spectrum. Further assume that f satisfies the following con- 
dition 
(i) there exist VE R\a(L), and y and 6 real nonnegative constants, 
such that 
If(x) - VXI < 1’ 1x1 + 6, t/x E R”, (1.6) 
where 1’ < dist( v, a(L)). 
Under this condition for f and the assumption that c is a symmetric 
invertible matrix the existence of a GPDS for (1.2) has already been 
established, see for instance [ 11. We note that if c is a diagonal matrix with 
all its diagonal entries different from zero, then (1.2) reduces to a system of 
coupled nonlinear telegraph equations. 
In the case of c being the zero matrix, (1.2) represents a system of 
coupled nonlinear wave equations. For this case under condition (i) and 
under the following monotonicity condition on f, 
(ii) (f(-u)-.f(~),.u-,l)~O, Vx, J’ER”, (1.7) 
it is also known that (1.2) possesses a GPDS. See [ 1 or 31. 
In the latter case, condition (ii) can be interpreted as a monotonicity 
condition for f over Ker(c) = IR”. In the former case, i.e., c being an inver- 
tible matrix, it is not necessary to impose a monotonicity condition on f to 
obtain existence of a GPDS for (1.2). Again this fact can be interpreted as 
a monotonicity condition on Ker(c) = (0). 
Motivated by these facts, in order to study the existence of a GPDS for 
(1.2) for the case of c being a symmetric, not necessarily invertible matrix, 
we impose a monotonicity condition of the following type on J 
(ii’) there exists CY > 0, such that 
(.f(;+x)-f(z+~),x-~)~ccI.~-I’(‘, (1.8) 
Vx, y E Ker(c) and VZ E Im(c). 
Under conditions (i) and (ii’), we shall prove in Section 5 the existence 
of a GPDS for (1.2). We can observe that starting from this result we can 
partially recover the case c = 0. 
In Section 2 we shall establish an abstract formulation of the problem in 
H in terms of a linear operator M and of the Nemitski operator associated 
with J: In Section 3 we shall study some properties of the operator M. In 
Section 4 we shall derive an abstract result from which the existence of a 
GPDS for (1.2) will follow, as shown in Section 5. In Section 4 the follow- 
ing well-known proposition will be needed 
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PROPOSITION 1.1 (Leray and Schauder [2]). Let 2 denote a real 
Hilbert space with inner product ( , ) and norm 1 I. Let T: % + 2’ be a 
completely continuous mapping and let B(R) c 3 denote the open ball cen- 
tered at the origin with radius R. If there exists an R > 0 such that, for all 
UEC?B(R) andfor all il~(O, 1) 
u+lz-(u)#O (1.9) 
then there exists a u E B(R) (the closure of B(R)) such that 
ZJ + T(u) = 0. (1.10) 
2. ABSTRACT FORMULATION OF THE PROBLEM 
In this section we will derive an operational equation in H equivalent to 
the problem of finding a GPDS for (1.2). Let u E H. Since the elements 
sin It sin kx, cos It sin kx, k E N, 1 E N* = (0) u N, constitute a complete 
orthogonal set in L’(Q), we may write u in terms of its Fourier series as 
22 m 
u = c 1 (uk, sin It + b,, cos It) sin kx, 
k=l /=o 
(2.1) 
where ukl E R”, bkl E W, V(k, 1) E N x N *. Let us define L: D(L) c H + H, 
the abstract realization of the linear wave operator in H, by 
D(L)= UEH f f (k2-12)2(Jak,JZ+ Ibkr12)< cxj>, 
i I 
(2.2) 
k=l I=0 
Lu= f f (-12+k2)( akl sin It + b,, cos lt) sin kx. 
k= I I=0 
(2.3) 
From these definitions we find that L is a densely defined linear selfad- 
joint operator on H with closed range. Thus Im(L) = Ker(L)l, where 
Ker(L) = 
{ 
u E HJu = f (a,& sin kt + bkk cos kt) sin kx . 
1 
(2.4) 
k=l 
We also find that o(L), the spectrum of L, is given by 
o(L)={k’-12~(k,l)~NxN*}. (2.5) 
From (2.4) it is clear that Ker(L) is an infinite dimensional subspace of H, 
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thus if v E R\o(L), the operator (L - vl))‘: H-+ H cannot be compact. 
Nevertheless, for this case we find that 
(L-VI)--‘I,,,,,: Im(L)-+Im(L) (2.6) 
is a compact operator. It can also be proved that 
LI ocL)nImlL):Im(L)n~(L)~Im(L) 
has a compact inverse. We denote this inverse by L ‘. 
Let us now define C: O(C)c H-+ H by 
(2.7) 
D(C)= UEH i i IZ(~ca,,~‘+Ich,,f)< x 
i i 
. (2.8) 
k=I ,=” 
CM = i f I( ca,, cos It - ch,, sin It ) sin kr. 
k= I /=o 
(2.9) 
From (2.8) and (2.9) it can be proved that C is a densely defined linear 
operator on H, such that C= -C*. where C* denotes the adjoint operator 
of C. Also C is a closed range operator. Thus Im(C) = Ker( C)‘. We note 
that u E Ker( C) if and only if u is given by (2. I ) and the Fourier coefficients 
of 14 satisfy 
cakl = 0, cbkl = 0, V(k, I)N x N. (2.10) 
Furthermore it can be shown that 
C:Im(C)nKer(L)nD(C)-+Im(C)nKer(L) (2.11 ) 
is a well-defined linear operator with a compact inverse which we denote 
byC ‘. 
Next, let us say that a subspace Z of H is stable under a linear operator 
7: D(y) c H + H if y(Zn D(y)) c Z. It can be proved that Ker(L), Ker( C), 
Im(L), Im(C) are all stable subspaces under both L and C. 
Finally, let us assume that the continuous mapping f: 8" --f R" is a sub- 
linear mapping, i.e., there exist real constants a and h such that 
If(x)1 6 a I-Y/ + h (2.12) 
VX E R”. It is known that under these conditions the Nemitski operator F 
associated with f is a well-defined continuous operator on H. See [S]. With 
the operators L, C, and F as defined above it can be proved that finding a 
GPDS of ( 1.2) is equivalent to finding a u E D(L) n D(C) satisfying 
Mu-F(u)=h, (2.13) 
where M= L+C (see Cl]). 
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~.SOME PROPERTIES OF THE OPERATOR M. 
In this section we study some properties of the linear operator 
M= L+ C. From (2.2), (2.3), (2.8), and (2.9) it follows that 
D(M) = D(L) n D(C) is a dense linear subspace of H. Thus A4 is densely 
defined on H. Besides, since H can be decomposed as the direct sum of 
three mutually orthogonal subspaces like this: 
H=Im(L)@Ker(L)nIm(C)@Ker(L)nKer(C), (3.1) 
and from examining the equation MU = h, h E H, projected onto these three 
subspaces, we conclude that 
Im(M)=Im(L)@Ker(L)nIm(C) (3.2) 
and that 
Ker(M) = Ker( L) n Ker( C). (3.3) 
Thus 
Im(M) = Ker(M)l. (3.4) 
PROPOSITION 3.1. M is a closed operator. 
Proof The proof consists of showing that M* = L - C and hence 
M** = L + C = M. By taking u and u in D(M) = D(L) n D(C) = D( L - C) 
it is easily seen that (L- C)c M*. Next let UE D(M*). We claim that 
u E D(L - C). This will clearly complete the proof. Since v E D(M*) c H, L’ 
can be written in terms of its Fourier series as 
v= ,Fo( .uk, sm It + bk, cos lt) sin kx. (3.5) 
Let us define ok, I&E D(M) by 
u;= f i (k2-I’)( ak, sin It + bkl cos It) sin kx, (3.6) 
k= 1 I=0 
and 
N N 
vR = c 1 - l(cak, cos It - cbk, sin It) sin kx. 
k=l I=0 
(3.7) 
From (3.5), (3.6), and (3.7) we have 
(Lo;, v) = IIu;112, (Lvz,, v) = 0 (3.8) 
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and 
( CqL u ) = 0, <cv’,, v> = llv;ll*. (3.9) 
Again since v E D( M* ), we have 
(Mu, tl) = (u, M*v), (3.10) 
VU E D(M). Thus from (3.8), (3.9), (3.10), and the Cauchy-Schwarz 
inequality we obtain 
<lvu;r, v) = IluQ* = (l!,kr, M*u) < llctyll IIM*vll. (3.11) 
Thus IIr)XII < IIM*t7l(, VNE /V. But this implies that PE D(L). Similarly it can 
be proved that IluZ,II d IIM*vll, VNE kl. This implies that CE D(C). Thus 
L’ E D(L) A D(C) = D( L - C). This completes the proof. 
Next, we observe that from H = Ker(M) @ Im( M) it is easy to prove that 
~llmlM~,-,D,M,: ImiW n D(M) + ImiW (3.12) 
is one-to-one and onto. Thus this operator possesses an inverse which we 
denote by MP ‘. We have 
M- ’ : Im( M) + Im( M) (3.13) 
PROPOSITION 3.2. 15-l is a compact operator. 
Proof Let (u,> r be a bounded sequence in Im(M) and let 
v, = M- ‘u VIE N. Then U,E Im(M)n D(M) and u,=Mv,, b’n~ N. 
Recalling (?.2) we denote by P and Q the orthogonal projections of Im(M) 
onto Im(L) and Ker(L) n Im(C), respectively. We have 
PM, = LPV, + cpt>, 
Qun = CQvn 
(3.14) 
(3.15) 
Applying C ’ to both sides of (3.15) and recalling that Cm- ’ is a compact 
operator we deduce that the sequence { Qun} f possesses a convergent sub- 
sequence which we denote by { Qu,> ;“. Next we observe that from (2.3) 
and (2.9) it follows that 
(Lv, cv> =o (3.16) 
VvgD(L)nD(C). From (3.14) and (3.16) it then follows that 
V‘P~np pun, > = II J-L,ll 2. (3.17) 
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From (3.17) and the Cauchy-Schwarz inequality we find that the sequence 
wL,P is bounded. Then from (3.14) it follows that the sequence 
{CPU,} ;” is also bounded. Applying L ~ ’ to both sides of (3.14) and recal- 
ling that L-* is a compact operator we conclude that the sequence (Pu,} F 
possesses a convergent subsequence. This shows that MP I is compact. 
Next let us consider o(M), the spectrum of M. It can be proved that 
o(M)={~E@~~= -1*+k*+ali,k~N,I~H,aEa(c)}. (3.18) 
Here i* = -1 and e(c) denotes the spectrum of the matrix c. If 
v = v1 + iv, $ a(M) we have 
II(M-vl))‘Il-‘=dist(v,o(M)) 
= gi: [(-I* +k* - v,)~ + (al- v2)*]‘!*. (3.19) 
/EZ,dlEO(C) 
We note from (3.19) that if v E R\a(M) and c is not invertible then 
dist(v, a(M)) = dist(v, o(L)). (3.20) 
4. AN ABSTRACT RESULT 
Let X denote a real Hilbert space with inner product ( , ) and 
corresponding norm I I. Let 
be a closed, densely defined linear operator such that Im(M) = Ker(JY)l. 
Under these conditions 
is one-to-one and onto. Its inverse will be denoted by M - ‘. We assume 
that this operator is compact. 
Let 9: 3E” + 2 be a continuous, possibly nonlinear operator. We are 
interested in the existence of a solution to the semi-linear equation 
d#lu - F(u) = 1, (4.2) 
where AEX, under certain conditions on 9. We assume 
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(H,) there exist real constants v E R\o(A’) (a(A) denotes the spec- 
trum of A), y > 0, 6 2 0, such that 
IF(u)-vu1 <yllul+6, VUE3F, (4.3) 
J(A-vz)-‘13’< 1; (4.4) 
(Hz) there exists a real number a > 0, such that 
VW,, w2 E Ker(A), VU E Im(A). 
We recall here that a mapping 9: X + 310 is said to be strongly 
monotone if there exists a constant a>O, such that 
(9(u)-d(L~),u-u)3a~u-L’~‘, (4.6) 
VU, u E X. It is clear that (4.6) implies (4.5) but the opposite is not true. 
Next we shall prove that Eq. (4.2) has at least a solution. We have 
THEOREM 4.1. Suppose that F: .X +X satisfies (H,) and (H,). Then 
Eq. (2.1) possesses at least a solution. 
Proof Let us denote by P and Q = I- P the orthogonal projections of 
Z onto Im(A) and Ker(,M)), respectively. By projecting we find that 
Eq. (4.2) is equivalent to the pair of equations 
Jzu-PLF(v+w)=Ph (4.7) 
-QF(u+w)=Ql: (4.8) 
where if u E X then u = Pu E Im(M), w = QU E Ker(.M). We shall solve first 
(4.8) to obtain w in terms of u. Next we shall substitute this expression for 
w into (4.7) to generate a single equation for u. 
From the continuity of 9 and from (4.5) it follows that for each fixed 
u E Im(A!), 
Q.F(u + .): Ker(A) + Ker(A) (4.9) 
is a continuous strongly monotone operator. Thus from a well-known 
result, see for instance [4], we find that for each u E Im(A) there exists a 
unique U’E Ker(A) such that (4.8) is satisfied. Let us define 
W: Im(A) -+ Ker(.l), the operator which takes u E Im(.M) into the unique 
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solution W(u) of (4.8). We claim that W is a continuous sublinear operator. 
In fact let u, z E Im(A). From (4.8) and (4.5) we have 
o= (9(u+ W(u))-.F(z+ W(z)), W(u)- W(z)> 
2 aI W(u) - W(z)12- I.F(u + W(z)) -F(z + W(z))1 1 W(u) - W(z)J. (4.10) 
Since 9 is continuous this shows that W is continuous. On the other hand, 
from (4.5) and (Hi), the following can be obtained 
(4.11) 
which in turn shows that W is sublinear. 
Substituting next w for W(u) in (4.7) we obtain the following equation 
for u, 
A!u- P2F(u+ W(u))= Pd. (4.12) 
From VE R\a(A) and (4.1) it follows that 
K,~(~-~Z)~‘~~~~~,:Irn(~)-tIrn(~), (4.13) 
is a linear compact operator. Defining T: Im(A’) --) Im(A) by 
T(u)=K,,(PS(u+ W(u))-vu+Ph) (4.14) 
we find that Eq. (4.12) is equivalent to the equation 
u- T(u)=O. (4.15) 
Since 9 and W are continuous and sublinear operators and K,, is a com- 
pact operator it follows that T is a completely continuous operator. Thus 
from Proposition 1.1 we deduce that (4.15) will have a solution 6~ Im(A) 
if there exists an R > 0, such that 
(T(u), u> < 14’ (4.16) 
VUE Im(A), IuI > R. To show this, let us consider (4.8) with W(u) in the 
place of w. From this resulting expression and from the fact that 
W(u) E Ker(A), Vu E Im(A) it follows that 
-IW(u)12+ ((A-vZ)-‘(QF(u+ W(u))-vW(u)+QA), W(u))=0 (4.17) 
Vu E Im(A). 
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From (4.17) (4.3), (4.4), (4.11), and the Cauchy-Schwarz inequality we 
find 
~((a+,r)(1+~),,,+(~+~~‘)*). (4.18) 
From (4.18) and (4.4) the existence of an R > 0, such that (4.16) is satisfied 
VCE H such that (u( > R, follows. 
If we define now u = 6 + W( ts), then u is a solution of (4.2). This com- 
pletes the proof of this theorem. 
Remark. Theorem 4.1 still holds if (H,) is replaced by 
(Hi) there exists an LX > 0, such that 
(5(u+u’I)-,J(Ll+M.*)r w-w,)< --GL~w’,-1v2~*, 
VW,, w~EK~~(..~P), tlr~Im(,K). 
(4.19) 
5. THE MAIN RESULT 
In this section we shall derive our main result. 
THEOREM 5.1. Let f: [w” -+ [w” be a continuous mapping and c an n x n 
symmetric, not necessarily invertible matrix. Assume there exist real con 
stants v E [W\,,a(M), y 2 0, and 6 > 0, such that 
If(x) - KY/ <}’ 1x1 + 6, (5.1 
Qx E Iw” and such that 7 < dist( \I, o(M)). if there exists an z > 0 such that 
(f(-u+~,)-f(?c+,‘*),~I-1’2)bC(I?.,-.1’?12. (5.2) 
t/)7,, yr E Ker(c) and Vx E Im(c), then Eq. (1.2) possesses a GPDS. 
Proof From (5.1) it follows that f is a sublinear function. Thus, from 
Section 2, finding a GPDS for (1.2) is equivalent to solving (2.13). 
Next we shall prove that F, the Nemitski operator associated with f 
satisfies conditions (H 1 ) and (H, ) of Theorem 4.1. 
Let u E H. From the definition of F and from (5.1) we obtain 
IIF - VUII <y llull + SJZl7. (5.3) 
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Also from (3.19) we obtain 
II(M-vl)-lily< 1. (5.4) 
Thus F satisfies (Hi). Next let w E Ker(M) = Ker(C) n Ker(L). In terms of 
its Fourier series w can be written as 
w( I, x) = f ( ukk sin kt + bkk cos kc) sin kx, (5.5) 
k=l 
where a,&, bkk E Ker(c), Vk E l+J. Hence it follows immediately that 
cw(t, x)=0 a.e. in Sz. (5.6) 
Let o E Im(M). Then u( t, x) = o,(t, x) + uz(r, x), a.e. in R, where 
~~(t,x)~Im(c), u,(t,x)~Ker(c). By using (5.2) we obtain 
Lf(u(r, xl + W,(f, -xl)-f(u(t, x) + w,(t, x)), w,(t, x) - w2(t, x)) 
= (f(u,(t, xl + u,(c x) + “l(4 x)) -.f(u,(t, x) 
+ u2( t, x) + U’2( r, x)), u2( t, x) + w,( t, x) - u*( t, x) - wz( t, x)) 
~crIM!l(t,X)-~v2(t,.~)12, a.e. in Q. (5.7) 
Integrating (5.7) over Q, we obtain 
(F(u+~~,)-F(u+M~~),~~~,-~M’~)~cI~~M~,-~~~~~, (5.8) 
VW,, i+t2 E Ker(M), Vu E Im(M). Thus (H,) is satisfied. Finally from Sec- 
tion 3 we find that M satisfies all the conditions of Section 4 for M. Thus 
the existence of a GPDS for (2.1) follows from Theorem 4.1. 
EXAMPLE. Let 4: R* + R, $: R + R be two continuous functions. Let us 
consider the system 
U1tr - Ulxx +a,,-;(2+sin((u,, uZ))=h,(t,x) (5.9) 
U2II - u2xx -32+ cos Hu,)) = h2(4 -u), (5.10) 
where hi E L2(Q), i = 1, 2. 
It is easy to verify that all the conditions of Theorem 5.1 are satisfied for 
v = f, y = b, 6 2 0 and c( = f. Thus from that Theorem it follows that the 
system (5.9), (5.10) possesses a GPDS. 
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